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4. COMPLEX NUMBERS
We define two mappings of the set R2 x R2 into R2 by
((x, y), (*', /)) -> (xx' - yyf, xy' + yx').
They are called respectively addition and multiplication, and written
(z, z') -> z 4- z' and (z, z') -* zz'.
For these two mappings, axioms (I) (Section 2.1) of a field are satisfied, by
taking 0 = (0, 0), 1 = (1, 0), and
if z = (x, y)^0 (which, by (2.2.8) and (2.2.12), implies x2 + y2 * 0). The
field thus defined is written C and called the field of complex numbers, its
elements being called complex numbers. The mapping x -*• (x, 0) of R into
C is injective and preserves addition and multiplication, hence we identify
R with the subfield of C consisting of the elements (x, 0). The element / = (0,1)
is such that i2 = (— 1, 0) = — 1, and we can write (x, y) =x + iy for any
(x, j) e C; if z = x + iy9-x, y being real, x is written ^z and called the real
part of z, y is written Jz and called the imaginary part of z.
(4.4.1)   Any rational function (z1?..., zn) -> P(zl5.,., zn)/Q(z1? ..., zn)
P <2/zd Q are polynomials with complex coefficients, is continuous at each point
(*!,..., 0B) o/ C" such that Q(a^ ..., an} ^ 0.
This is proved as (4.1.5) by using the analogs of (4.1.1), (4.1.2) and
(4.1.4), which follow at once from the formulas given above for sum, product
and inverse of complex numbers, and from (3.20.4) and (4.1.5).
For any complex number z = x + iy, the number z = x — iy is called
the conjugate of z. We have z = z, z + z' = z + z', zz' = z • z', in other
words z -» z is an automorphism of the field C, which is bicontinuous by
(3.20.4) and (4.1.2); real numbers are characterized by z = z, numbers
of the form ix (x real, also called purely imaginary numbers) by z = — z.
We have zz = x2 + y2 ^ 0 if z = x + iy; the positive real number |z| = (zz)1/2
is called the absolute value of z, and coincides with the absolute value defined
in Section 2.2 when z is real. The relation |z| = 0 is equivalent to z = 0.
We have |zz'|2 =zz'^? = zzz'z' = |z|2|z'|2, hence |zz'| = |z| • |z'|, from
which it follows that if z ^ 0, |l/z| = l/|z|. Finally, by direct computation,
we check the triangle inequality

